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Abstract. We compute the representation-theoretic rank of a finite dimen- 
sional quasi-Hopf algebra H and of its quantum double D(H), within the rigid 
braided category of finite dimensional left D(i?)-modules. 



1. Introduction 

The definition of a quasi-bialgebra H ensures that the category of left i?-modules 
hM. is a monoidal category, and for a quasi-Hopf algebra H the definition ensures 
that h -M , the category of finite dimensional left ii-modules, is a monoidal cate- 
gory with duality. Moreover, a quasi-Hopf algebra is called quasi-triangular (ribbon) 
if the monoidal category hM. is braided (ribbon, at least in the finite dimensional 
case). So, in general, the study of quasi-Hopf algebras is strictly connected to the 
study of monoidal, or braided (ribbon) categories. Consequently, when we want to 
define some classes of quasi-Hopf algebras the first thing we should think about is 
to reword at a categorical level the corresponding definitions given in the classical 
Hopf case. If it is possible, then we can come back to the quasi-Hopf case. For 
example, this was the case in [3], where using the categorical interpretation of a 
factorizable Hopf algebra (due to Majid [27] ), we were able to define and study the 
class of factorizable quasi-Hopf algebras. But sometimes this point of view cannot 
be followed. For further use we choose as an example the cosemisimple notion. 

It is well known that a Hopf algebra H is cosemisimple if the category of left 
or right f/-comodules is cosemisimple. In the quasi-Hopf case we cannot consider 
ii-comodules, because the quasi-Hopf algebra H is not coassociative; thus in this 
case we have to look at some other objects. One of these objects could be the 
quantum double D{H) associated to a finite dimensional quasi-Hopf algebra H. In 
the Hopf case we know that D(H) is semisimple if and only if H is semisimple and 
cosemisimple (see |31]). But, once again, at this moment we cannot follow this path 
because in the quasi-Hopf case we do not know the form of an integral in D(H). 
However, in the Hopf case, the Maschke-type theorem asserts that H is cosemisim- 
ple if and only if there exists a left or right integral A in H* such that A(l) = 1. Now 
by P] this is equivalent to the existence of a bilinear form a € (H <E> H)* such that 
h\cr{h2, h') = <r(h, b!^)b! 2 and a(hi, I12) = s(h), for all h, h' G H. This approach was 
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used by Hausser and Nill in [21] for the quasi-Hopf algebra setting. They proved 
that for a finite dimensional quasi-Hopf algebra H there is a one-to-one correspon- 
dence between left cointegrals A 6 H* (see the definition below) satisfying the 
normalized condition X[S (ot)0) = 1 (here a and f3 are the elements which occur 
in the definition of the antipode S of H), and certain bilinear forms a G (H ® H)* 
satisfying properties which generalize the ones described above. This is why we will 
say that a finite dimensional quasi-Hopf algebra H is cosemisimple if H admits a 
left cointegral A obeying X(S~ 1 (a)(3) = 1. Furthermore, we believe that an integral 
in D(H) has the form (3 — 1 A M r, so if it is the case then D(H) is semisimple if 
and only if H is semisimple and the left cointegral A satisfies X(S~ 1 (a)(3) — 1 (here 
r is a right integral in H ) . Comparing this with the Hopf algebra case we will land 
to the same definition for a finite dimensional cosemisimple quasi-Hopf algebra. 

The starting point of this paper was the intention to generalize some important 
results concerning semisimple cosemisimple Hopf algebras to quasi-Hopf algebras. 
Namely, a Hopf algebra over a field of characteristic zero is semisimple if and only 
if it is cosemisimple, if and only if it is involutory, this means S 2 = ids- The 
result was proved by Larson and Radford in 23, 24J, answering in positive, in char- 
acteristic zero, the fifth conjecture of Kaplansky. They have also proved that in 
characteristic p sufficiently large a semisimple cosemisimple Hopf algebra is involu- 
tory. Afterwards, using this result and a lifting theorem, Etingof and Gelaki prove 
in [18] that the antipode of a semisimple cosemisimple Hopf algebra over any field 
is an involution. 

Trying to generalize the above results for quasi-Hopf algebras, the first problem 
which occur is: what could be an involutory quasi-Hopf algebra? We believe that 
we cannot keep the same definition as in the Hopf case because, in general, S 2 is not 
a coalgebra morphism, while idn is. So one of the purposes of this paper is to find a 
plausible definition for this notion. Toward this end we will use a categorical point 
of view due to Majid [26]. More exactly, he has observed that Ti(S 2 ), the trace of 
S 2 , is an important invariant of any finite dimensional Hopf algebra. In fact, he 
has shown that T^S 12 ) arises in a very natural way as the representation-theoretic 
rank of the Schrodinger representation of H, dim(iJ), or as the representation- 
theoretic rank of the canonical representation of the quantum double, dhn (D(H)). 
Correlating this with the trace formula obtained by Radford in [35] we get that 



where A is a left integral in H* and r is a right integral in H such that X(S(r)) = 1. 
By the Larson-Radford-Etingof-Gelaki results we conclude that 



The aim of this paper is to generalize some of the results presented above for 
quasi-Hopf algebras by computing the representation-theoretic rank of a finite di- 
mensional quasi-Hopf algebra H and of its quantum double D(H). We hope that 
the point of view presented here will open the way for solving the remaining ones. 
The paper is organized as follows. In Section [3] we compute the Schrodinger repre- 
sentation associated to a finite dimensional quasi-Hopf algebra H. In fact, we will 
transfer the associated algebra structure of H within the category of left Yetter- 
Drinfeld modules constructed in J9][8] to the category of left D(H)- modules, through 
some monoidal isomorphisms explicitly constructed in [4] and [12]. Now following 



dimfff) = dim(D(g)) = Ty(S 2 ) = e(r)A(l) 




, if H is not semisimple or cosemisimple 

dim(iJ) , if H is both semisimple and cosemisimple. 
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[26j , in any braided rigid monoidal category C we can compute the representation- 
theoretic rank of an object V of C. Considering C = D(H)-M- id > the category of finite 
dimensional left £>(i?)-modules, we will compute in Section [4] the representation- 
theoretic rank of H and D(H) within C, dim(TJ) and dhn(D(H)), respectively. 
After some technical and complicated computations we will find that 

dim(ff) = dim(D(H)) =Tr(h» S- 2 {S((3)ah(3S(a))) . 

Therefore, we call a quasi- Hopf algebra H involutory if /i i — * S~ 2 (S((3)ahf3S(a)) — 
idft. Firstly because, just as in the Hopf case, the above representation-theoretic 
ranks reduce to the classical dimension of H, provided H involutory. Secondly, be- 
cause g = f3S(a) is invertible with g~ x — S{(3)a and g _1 defines both S 2 as a inner 
automorphism of H and (assuming k algebraically closed of characteristic zero) that 
unique pivotal structure in [17l Propositions 8.24 and 8.23]. More explicitly, if k is 
an algebraically closed field of characteristic zero then gives rise to the unique 
pivotal structure of #.M fd with respect to which the categorical dimensions of sim- 
ple objects coincide with their usual dimensions. (Complete proofs for the above 
facts, examples, properties and results on involutory (dual) quasi-Hopf algebras 
can be found in [13).) Furthermore, specializing the above equality for H = H*, 
the quasi-Hopf algebra considered in [2^], we obtain that dim(D u (H)) = dim(iJ), 
where D"(H) is the quasi-triangular quasi-Hopf algebra constructed in [TT], and 
we should stress the fact that in this particular case both H* and (H) are invo- 
lutory in the quasi-Hopf sense mentioned above. 

Finally in Section [5] we prove a trace formula for quasi-Hopf algebras. Special- 
izing it for the endomorphism h i— > S~ 2 (S((3)ah/3S(a)) we get that 

Tr (h i > S- 2 (S(p)ahpS(a))) = e(r)A(5 _1 (a)0), 

where A is a left cointegral in H and r is a right integral in H such that A(r) 
1 . Combining the results in the last two Sections we conclude that dim (H) = 
dim ( D(H)) = e(r)X(S~ 1 (a)f3), so this scalar is non-zero if and only if H is both 
semisimple and cosemisimplc. 

In view of these results we believe that a semisimple cosemisimple quasi-Hopf 
algebra is always involutory and therefore, in this case, dim/ if) = dim (D(H)) = 
dim(_ff), the classical dimension of H. In this direction we do not know if the 
techniques used in [23l EH [18] can be generalized for quasi-Hopf algebras. But 
without doubt it is an interesting problem which is worthwhile to study. 

2. Preliminaries 

2.1. Quasi-Hopf algebras. We work over a commutative field k. All algebras, 
linear spaces etc. will be over k; unadorned <S> means ®fc. Following Drinfeld [16j . 
a quasi-bialgebra is a four-tuple (H, A, e, <&) where H is an associative algebra with 
unit, $ is an invertible element in H ®H ®H, and A : H —> H ® H and e : H — > k 
are algebra homomorphisms satisfying the identities 

(2.1) (id ® A)(A(h)) = $(A ® id)(A(/i))$ -1 , 

(2.2) (id<8>e)(A(/i)) = ft® 1, (e O id)(A(h)) = 1 O h, 
for all h G H , and $ has to be a 3-cocycle, in the sense that 

(2.3) (1 <g> $)(id <g> A ® ® 1) = [id (g) id ® A)($)(A <8>id® id)($), 

(2.4) (id(8)E(8)id)($) = 1 <g> 1 ® 1. 
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The map A is called the coproduct or the comultiplication, e the counit and $ the 
reassociator. As for Hopf algebras we denote A(/i) = fti ® h,2, but since A is only 
quasi-coassociative we adopt the further convention (summation understood) : 

(A®id)(A(ft)) = ®/i(i j2 ) ®/i2, (id® A)(A(ft)) = h x <8> fy 2) i) <8>ft(2,2), 

for all /i G H. We will denote the tensor components of $ by capital letters, and 
the ones of <i> _1 by small letters, namely 

$ = X 1 ® X 2 ® X 3 = T 1 ® T 2 ® T 3 = V 1 ® ® V 3 = • • • 
= x 1 ® a; 2 <g> x 3 = t 1 ® i 2 ® i 3 = v 1 ® u 2 ® u 3 = • ■ • 

H is called a quasi-Hopf algebra if, moreover, there exists an anti-morphism S of 
the algebra H and elements a,{3 £ H such that, for all h £ H, we have: 

(2.5) S{h 1 )ah 2 = e(h)a and hi/3S(h 2 ) = e(h)/3, 

(2.6) X 1 /35(X 2 )aX 3 = 1 and S(x 1 )ax 2 /3S(x 3 ) = 1. 

Our definition of a quasi-Hopf algebra is different from the one given by Drinfcld 
[T5] in the sense that we do not require the antipode to be bijective. Nevertheless, in 
the finite dimensional or quasi-triangular case this condition can be deleted because 
it follows from the other axioms, see [5] and [7J. 

Together with a quasi-Hopf algebra H = (H, A, e, S, a, (3) we also have H op 
and H cop as quasi-Hopf algebras, where "op" means opposite multiplication and 
"cop" means opposite comultiplication. The quasi-Hopf structures are obtained 
by putting $ op = $ cop = ($-!) 321 , S op = S C op = S~\ a op = S" 1 ^), 

Pop = S^ 1 (a), a cop = S^ 1 (a) and /3 cop = S^ 1 ^). 

The axioms for a quasi-Hopf algebra imply that eoS = e and e(a)e(/3) = 1, so, by 
rescaling a and /3, we may assume without loss of generality that e(a) = e(/3) = 1. 
The identities (jIT2"]) . ([23]) and (|2lT| also imply that 

(2.7) (e®id® id)($) = (ici ® id ® e)($) = 1 ® 1 ® 1. 

It is well-known that the antipode of a Hopf algebra is an anti-coalgebra mor- 
phism. For a quasi-Hopf algebra, we have the following statement: there exists an 
invertible element / s H ® _ff such that (e ® id)(f) — {id ® e)(/) = 1 and 

(2.8) fAiSih))/- 1 = (S® S*)(A op (/i)), for all ft e 
where A op (/i) = h 2 ® hi. f can be computed explicitly. First set 

A 1 ® A 2 ® A 3 ® A A = ($ ® 1)(A ® id® id)($ -1 ), 
B 1 ®B 2 ®B 3 ®B i = (A®id®id)($)($ _1 ® 1) 
and then define j,5 £ H ® H by 



(2.9) 7 = S*(A 2 )a/l 3 $ S^aA 4 and J = B 1 (3S{B i ) ® B 2 (3S(B 3 ). 
f and / _1 are then given by the formulas 

(2.10) / = (S^SXA^O^hAOE 2 /^ 3 )), 

(2.11) /- 1 = A(5(.x 1 )ax 2 ),5(5® 5)(A op (x 3 )). 



Moreover, f — f 1 ® f 2 and / 1 = g 1 £g> g 2 satisfy the following relations: 

(2.12) /A(a) = 7, A(/3)/ _1 = <5, 

(2.13) (1 ® jf)(»d ® A)(/)$(A ® id)(f- 1 )(f- 1 ® 1) = S(X 3 ) ® 5(X 2 ) ® S^ 1 ), 

(2.14) / 1 /35(/ 2 ) = 5(a), g l S{g 2 a) = (3, S^/ 1 )/ 2 = a. 
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In a Hopf algebra H, we obviously have the identity 

h t ® h 2 S(h 3 ) = h ® 1, for all h e H. 

We will need the generalization of this formula to quasi-Hopf algebras. Following 
[Ll EL we define 



(2.15) PR^p 1 ®p 2 = x x ®x 2 /3S(x 3 ), q R = q 1 ®q 2 =X 1 ®S- 1 (aX 3 )X 2 , 

(2.16) p L = p 1 ®p 2 ^ X 2 S- 1 (X 1 (3)®X 3 , q L =q 1 ®q 2 = S(x 1 )ax 2 ®x 3 . 
For all h £ H, we then have 

(2.17) A(hi) PR (l®S(h 2 )) = p R (h®l) 

(2.18) (S(hi) ® l)q L A(h 2 ) = (l®h)q L . 
Furthermore, the following relations hold 

(2.19) (l®5- 1 (p 2 )) te A(p 1 ) = l®l 

(2.20) A( 9 1 )p it (l ® S(g 2 )) = 1 ® 1 

(2.21) (S*^ 1 ) ® l)<? L A(p 2 ) = 1 ® 1 
$(A®id)(pji)(pji<»id) 

(2.22) = (id ® A)(A(x x )p fl )(l ® /-^(l ® ^(x 3 ) ® Sfs 2 )) 
(g iJ (g)l)(A®M)(g fl )$- 1 

(2.23) = (1 ® 5- x (/ 2 X 3 ) ® S^ifX 2 ))^ ® A)(g fl A(X 1 )), 
(l®gz,)(zd® A)( 9L )$ 

(2.24) = (S-(x 2 ) ® S^ 1 ) ® 1)(/ 1)(A ® id)(q L A(x 3 )). 

2.2. Quasi-triangular quasi-Hopf algebras and the quantum double. Re- 
call that a quasi-Hopf algebra H is quasi-triangular if there exists an element 
R e H ® H such that 

(2.25) (A®id)(R) = $312-Rl3$r 3 2^23$, 

(2.26) (id®A)(R) = ^Rw^Ru®- 1 , 

(2.27) A op {h)R = RA(h), for all h € H, 

(2.28) {e®id){R) = (id®s){R) = l. 

Here we use the following notation. If a is a permutation of {1,2,3}, we set 
®a(i)a(2)a{3) = A CT ~ 1(1) ®X a ~ 1{ - 2 ^ ®X CT ~ 1(3) , and fly means i? acting non-trivially 
in the i th and j th positions of H ® H ® H. 

In [7] it is shown that R is invertible, and that the element 

(2.29) u = S(R 2 p 2 )aR 1 p 1 

(with pr — p 1 ®p 2 defined as in (|2.15[) ) is invertible in H and satisfies for all h € i? 
the following relation 

(2.30) ^(ft) = uhvT 1 . 

As in the Hopf algebra theory the most important example of quasi-triangular 
quasi-Hopf algebra is produced by the double construction. 

From [201 [5], we recall the definition of the quantum double D(H) of a finite 
dimensional quasi-Hopf algebra H. Let {et} i= Y^ be a basis of H, and {e l } i= j-^ the 
corresponding dual basis of H*. We can easily see that H* , the linear dual of H, 
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is not a quasi-Hopf algebra. But if* has a dual structure coming from the initial 
structure of if. So if* is a coassociative coalgebra, with comultiplication 

n 

A(ip) = ipi (g) ip 2 = (p(eiej)e 1 <g> e j , 

or, equivalently, 

&(<p) = cpi <8> (f 2 & (f(hti) = ipx{h)<f2{h'), V ft, ft' e if. 

if* is also an if-bimodule, by 

(ft <p, ft') = <p(tih), (ip ft, ft') = tp(hti). 

The convolution is a multiplication on if*; it is not associative, but only quasi- 
associative: 

M£ - (X 1 -± ip - x 1 )^ 2 - ^ - x 2 )(X 3 - £ - x 3 )], V ip, 1>,£ e if*. 

We also introduce 5 : if* — » if* as the coalgebra antimorphism dual to 5, this 
means (S(<p), ft) — (ip, S(h)), for all ip 6 if* and ft G if . 
Now consider ft € given by 

ft = ft 1 (8 ft 2 ® ft 3 <g> ft 4 ® ft 5 

(2.31) = X^yV <8> X l [h2) y 2 xl $ X\y 3 x\ $ S- 1 (f 1 X 2 x 3 ) ® S , - 1 (/ 2 X 3 ), 

where / G if <g> if is the element defined in (|2.10p . We define the quantum double 
D(H) = if* X if as follows: as a fc-linear space, D(H) equals if* ® if, and the 
multiplication is given by 

(<yS X ft)(?/> X ft/) 

= [(ft 1 n 5 )(n 2 -> i[> 2 ft 4 )] x n 3 ^ -1 ^) ft) <<- ^3] ft' 

(2.32) = [(ft 1 95 ft 5 )(ft 2 ft (la) -v ij; <- S , - 1 (ft 2 )^ 4 )] ft 3 ft(i,2)^'- 

From [TlllUn] w e have that D(H) is an associative algebra with unit e X 1, and if is 
a unital subalgebra via the morphism ijj : if — > D(H), «£>(ft) = e IX ft. Moreover, 
D{H) is a quasi-triangular quasi-Hopf algebra with the following structure: 

A D (v? x ft) = (e x X^XpJz 1 ^ (^2 ^ y 2 iS ,-1 (p 2 ) x p\x 2 h Y ) 

(2.33) ®(X 2 ->■ <- S^iX 3 ) x Xfr 3 £ 3 ft 2 ) 

(2.34) e D (tptxi ft) = e(ft)( / 9(S'- 1 (a)) 

(2.35) $ D = (i D ®i D ® *d)($) 

(2.36) S^fa x ft) = (e x S^ft)/ 1 )^ 1 -» S _1 (<rf fS'^p 2 ) ixp\U 2 ) 

(2.37) od = e x a, [3 D = ex /? 

(2.38) JZc = £}(e x S-^p^pl) ® (e 1 xp 1 ). 

i=l 

Here p.R = p 1 <8>p 2 and / = f 1 <g> f 2 are the elements defined by (|2.15|) and (|2.10[) . 
respectively, and U — U 1 ®U 2 G if <g) if is the following element 

(2.39) tf = f/ 1 ® f/ 2 = .g 1 ^^ 2 ) ® s 2 ^^ 1 ), 

where / _1 = g 1 ®g 2 and <7_r = q 1 ®q 2 are the elements defined by p. lip and (|2.15p . 
respectively. 
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2.3. The center construction and the Yetter-Drinfeld modules. If H is a 

quasi-bialgebra then the category of left H- modules, denoted by h-M, is a monoidal 
category and, moreover, if H is quasi-triangular then h M. is braided (the reader is 
invited to consult [22], XI. 4] or [2JJ IX. 1] for the complete definition of a monoidal 
or (pre) braided category, and also for the notion of a monoidal, respectively (pre) 
braided, functor between them). The tensor product is given via A, for U,V,W £ 
h-M the associativity constraint on h-M is given by 

(2.40) au,v,w((u ® v) <8> w) = X 1 ■ u ® (X 2 ■ v ® X 3 ■ w), 

the unit is k as a trivial if-module and the left and right unit constraints are the 
usual ones. When H is quasi-triangular we have the following braiding c on jjAi: 

(2.41) c U)V {u <g> v) = R 2 ■ v <g> R 1 ■ u. 

To any monoidal category C we can associate two (pre) braided monoidal cat- 
egories, namely the (weak) left and right centers (VVj/ r (C)) Zu r (C) of C. For the 
(weak) left center construction the reader is invited to consult [35], for the right 
(weak) center construction [2"2l XIII. 4], and for the connection between them [3], 
respectively. 

Since for a quasi-bialgebra H the category hM. is monoidal it makes sense to con- 
sider Wi(hM) or WrinM). In [25] Majid computed the left weak center Wi(hM). 
The objects are identified with the so called left Yetter-Drinfeld modules, i.e. left 
if-modules M (denote the action by h ® m i— > h ■ m) together with a fc-linear map 
Xm ■ M — > H (g> M, Am(w) := mt-i) ® m (o}i such that e(m/_i\)m/o) = in and for 
all h € H and m <E M the following relations hold: 

X 1 ™^!) ® (X 2 • ™ (0) ) ( _ 1) X 3 <g> (X 2 • m (0) )(o) 

(2.42) = y 1 ^ 1 • m) ( _i )l y 2 ® Y^Y 1 • m) ( _ 1)2 F 3 ® Y 3 ■ (Y 1 ■ m) (0) , 

(2.43) him(_i) ® /i 2 • m( ) = (hi ■ m)^_^h 2 ® (/ii ■ m)< ). 

The category of left Yetter-Drinfeld modules and fc-linear maps that preserve the 
-ff-action and i?-coaction is denoted by ^yD. 

The prebraided monoidal structure on Wi(h-M) induces a prebraided monoidal 
structure on ^yD. This structure is such that the forgetful functor %yD — > aM. is 
monoidal, and the coaction on the tensor product M®N of two left Yetter-Drinfeld 
modules M and N is given by 

Am®at(™ ® n) = X 1 (x 1 Y 1 ■ m) { _ 1) x 2 (Y 2 ■ n)<-i>Y 3 

(2.44) ®X 2 • (x 1 ^ 1 • m) <0) ® Y 3 x 3 ■ (Y 2 ■ n) (0) . 

For any M, N e %yD the braiding c m ,n ■ M ® Y -> X ® M is given by 

(2.45) CM,N(m (8>n) = "t-(-i) ■ n ® m(o), 

for all m 6 M and n G N . Moreover, if H is a quasi-Hopf algebra then cm,n is 
invertible (see [8]) and therefore ^yD is a braided category. 

We notice that the right weak center Wt(h-M) was computed in [3]: it is iso- 
morphic to the category of left-right Yetter-Drinfeld modules (see the definition 
below) . 
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3. The Schrodinger representation 

Let H be a finite dimensional Hopf algebra. It is well known that if is a left 
D(H )-module algebra via the action (ip G H*, h, hi 6 H): 

{if tx h) • hi = (<p, S- 1 {{h > > h 'h- 

Here and also in the rest of the paper, h > hi := h\hl S{h,2), for all h, h! G H. 

The aim of this section is to compute a similar structure for a finite dimen- 
sional quasi- Hopf algebra H . This fact is absolutely necessary in order to compute 
the representation-theoretic rank (or quantum dimension) of H within the braided 
category of left £>(ff)-modulcs. Toward this end, we will use the following three 
results: 

1) To any quasi-Hopf algebra H we can associate an algebra, denoted by Hq, 
in the category of left Yetter-Drinfeld modules ^yD, cf. [8]. 

More precisely, we denote by Hq the /c-vector space H with the new multiplication 
o defined by 

(3.1) hoh' = X 1 hS(x 1 X 2 )ax 2 XftiS(x 3 X$), 

for all h, h! G H . From [9] we know that Hq is a left H-module algebra, this means 
an algebra in h -M. The unit of Hq is (3 and Hq is an object of h-M. via the left 
adjoint action >, i.e. for all h, h! G if, 

(3.2) h>ti = hih'S{h 2 ). 

Moreover, Hq becomes an algebra in %yD with the additional structure Xh '■ 
Hq — > H ® Ho, given by 

(3.3) x Ho (h) = h ( _ x) <g> h {0) x l Ylh l9 l S{ q 2 Y 2 )Y 3 ® x 2 Y^h 2 g 2 S{x 3 q l Yl), 

for all h G H, where qn = q 1 (g> q 2 is the element defined by (|2.15[) . 

2) There is a braided isomorphism between %yD and jiyD Hin , cf. [3]. 

First of all recall that the category of left-right Yetter-Drinfeld modules over a 
quasi-bialgebra H, denoted by HyD H , has as objects left ff-modules M (denote 
the action by h <g) m \— > h ■ m) for which H coacts on the right (denote the right 
-ff-coaction by M 3 m m(o) ® TO (i) G -M (g) if) such that e(mri\)mro) — m and 
for all m G M and h € H the following relations hold 

(a; 2 • TO( ))(o) <8 (a; 2 • TO(o))(i)a: 1 ® x 3 m (1) 

(3.4) = x 1 • (y 3 -m) (0) ®i 2 (i/ 3 •m) (1)l2 ; 1 ®x 3 (y 3 •m) (1)2 j/ 2 , 

(3.5) ft-i • 771(0) ® ^2^(1) = (^2 ' ™)(0) ® ' m)(!)/li. 

The morphisms are left f/-linear, right if-colinear maps. 

Since nyD H can be identified with the right weak center of h M. (see [1]) we 
find that nyD H has the following prebraided structure: the right ff-coaction on 
the tensor product M(g>N of M, N G 3^D H is the following: 



PM®N(m®n) = a; 1 ^ 1 • (y 2 • m) (0) (g)a; 2 • (Y 3 y 3 ■ rc)(o) 

(3.6) ®x\X s y 3 -n) {1) X 2 {y 2 -m) {1) y 1 , 

for all m G M, n G AT, and the functor forgetting the if-coaction is monoidal, so 

(3.7) h ■ (m(g>n) — hi ■ m®h2 ■ n. 
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The braiding c on H yD H is defined by c m ,n ■ M®N -> N®M, 



(3.8) 



for to £ M and n <E N. Furthermore, if ff is a quasi-Hopf algebra the braiding c is 
invertible. The inverse braiding is given by 



where qn = q 1 <£> q 2 and pl — p 1 <S>p 2 are the elements defined in (|2.15p and (12.16[) . 
respectively. Finally, for a quasi-Hopf algebra H, HyD H will be our notation for the 
category of left-right Yetter-Drinfcld modules endowed with the braided structure 
given by (j3.6H3.8p . and uyD 11 "' will be our notation for the category nyD H with 
monoidal structure (|3.6H3.7|) and the mirror reversed braiding Cm,N — c n m- 

Now, by [4] there is a monoidal isomorphism between ^ yD and nyD H produced 
by the following functor If M £ ^yD then #(M) = M as left H- modules and 
with the right iJ-coaction defined by 



(3.10) p F (M)(m) = q 2 X 2 ■ (p 1 ■ m) {0) ® ^A^S^^V • m)^ 1)P 2 ), 



for all m s M. The functor ^ acts as identity on morphisms. Moreover, $ provides 
a braided isomorphism between ^yD and nyD H , see [4] for more details. 

3) The category nyD H is braided isomorphic to d{h)M. 

Indeed, from (2Ql [12] we know that the above categories are isomorphic. The 
isomorphism is the following. To any left-right Yetter-Drinfeld module M we can 
associate a left D(H)-modu\e structure given by 

(3.11) (ipMh)^rn = ((fi,q 2 (h ■ m) {1) )q 1 ■ (h ■ m) (0) , 

for all ip £ H*, h £ H and to £ M, where, as usual, qu — q 1 ® g 2 is the element 
defined in (|2.15| . Moreover, a morphism between two left-right Yetter-Drinfeld 
modules becomes in this way a morphism between two left Z?(-ff)-modules, so we 
have a well defined functor T : nyD H — > d(h)M.- If J? is a finite dimensional 
quasi-Hopf algebra then T is an isomorphism (for the explicit description of the 
inverse of T see [12]). Also, it is not hard to see that the functor T is monoidal; 
the functorial isomorphism ^m,n ■ !F(M) ® J-(N) — > J^(Af ® iV) is the identity 
morphism. Moreover, the next result asserts that it is a braided isomorphism. 

Proposition 3.1. Let H be a finite dimensional quasi-Hopf algebra. Then the 
categories uyD H and d(h)M are braided isomorphic. 

Proof. By the previous comments, we only have to check that the functor T defined 
above is braided, this means that for any two left-right Yetter-Drinfeld modules M 
and N we have 



(3.9) 



c A l N {n®m) = qlx 1 S(q 2 x 3 {p 2 ■ n)^ 1 ) ■ m®q\x 2 ■ (p 2 ■ n) (0 ), 
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Indeed, for all m S M and n £ N we compute 

n 

i=l 

™ (e\ q 2 (pl ■ n^q 1 ■ ( P \ • n) (0) ® S" • m 

• (P2 • n )(0) ® '5 _1 (P 2 )9 2 (P2 • «)(i)Pl • TO 
g g 1 pi-n (0 )®5- 1 (p 2 )9 2 P2n(i)-m 
J 2.19 | 3.8 ) n(o) g, . m _ F(c M<N ) o *jt(m),^(A')(™ ® 
as needed, so the proof is complete. □ 

Using these braided isomorphisms we will transfer the algebra structure of Hq in 
^yD to d(h)M. In this way we will associate to any finite dimensional quasi-Hopf 
algebra H a left D(H)-modvle algebra structure. As in the classical Hopf algebra 
case, the obtained representation will be called the Schrodinger representation. 

First we shall compute the algebra structure of Hq in uyD H , and then its left 
D(i7)-module algebra structure. 

Proposition 3.2. Let H be a quasi-Hopf algebra. Then Hq is an algebra in the 
monoidal category nyD H with the left H-module structure defined in US. 2]) and 
with the right H-coaction pjj '■ Hq — * Hq eg) H given for all h 6 H by 

(3.12) p Ha (h) = h {0) <8> h {1) = x 1 q 2 y 2 h 2 g 2 S{x 2 y 3 ) ® x^S-^q^yfhxg^y 1 , 

where q^ = q (&q and / _1 = g 1 ®g 2 are the elements defined in H2. 1 6\) and \2.11\) . 
respectively. Moreover, H is a left D(H)-module algebra via the action 

(if M h) -> h' = (<p, q 2 x 3 y 3 2 S~ 1 (q 1 y 2 (h > h'Wft 1 ) 

(3.13) qWeyiih^h'^Siq^yf), 

for all if £ H* and h, hi € H , where qu = q ® q 2 is the element defined in \2.15\l . 

Proof. Since the functor $ described in (|3.10[) is monoidal it carries algebras to 
algebras. Moreover, the isomorphisms ^ M ,N ■ ff(M)®ff(iV) -» $(M®N), M,N <E 
%yD , which define the monoidal structure of the functor J are trivial, so if A is an 
algebra in j^yD then $(A) is an algebra in nyD H with the same multiplication and 
unit. Now, # acts as identity on objects at the level of actions. Thus $(Ho) = Hq 
as left H-module algebras, so we only have to show that that corresponding right 
.ff-action on H through the functor $ is the one claimed in (|3.12|) . For this we 
need the following relations 

(3.14) X 1 p{ (g> X 2 p\ <g> X 3 p 2 = x 1 ® x\p x ® x 2 2 p 2 S{x 3 ), 

(3.15) q^X 1 ® qlX 2 <g> q\X 3 = ^(a; 1 )^? ® q 2 x\ <g> x 3 , 
(3-16) r 1 = &{S{$ x ))U(p 2 ® 1), 

(3.17) A(S(hi))U(h 2 <8> 1) = 17(1 8> S(h)), V h e H. 

Indeed, (|3.14j) and (|3.15p follow easily from (|2.3|1 . ()2.5[) and from the definitions of 
pa and qL, respectively. The relation (|3. 16|) is an immediate consequence of (|2.8j) 
and (|2.19|1 . and the formula in (|3.17p can be found in [21] . 
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Finally, by (|2.8|) and (12.39P we get the following second formula for the left 
-ff-coaction on Hq defined in (13-31) 



x Ho (h) = fy_i> g> ft (0 > = (x 1 ® x 2 )A(y 1 /i5(y 2 ))c/(r 3 ® spr 3 )). 

Now, for any h £ H we calculate 
PH (h) ™ ga^>(p 1 >fc) (0> ® ^5-1(^1^1 >ft)( _ i>p3) 

^ 2 z 2 > [x 2 (fV > /i)S'(r 2 )) 2 c/ 2 ^(x 3 )] 

S^Z 3 ^- 1 ^ 1 * 1 (Y 1 {p 1 >h)S(Y 2 )) 1 U 1 YV) 
^glZ 3 ^ 3 ,?- 1 ^ 1 ^ 1 ^ 1 ^!^!^^ 1 )!^ 1 ^ 2 ) 

^ > [z 1 2 x 2 x^ 2 ^( J5 1 ) 2 c/ 2 5(z 2 x 3 x 2 )] 

®qiZ 3 x 3 S- 1 (q 1 Z 1 X 1 x 1 1 h 1 S(p 1 ) 1 U 1 p 2 ) 
G gg^ ^^WS^^X?) ® fiaPxiS-^qWhtg 1 ) 

as needed. The last assertion is a consequence of p. lip and (|3.12)l . the details are 
left to the reader. □ 

Remark 3.3. Let ff be a quasi-triangular quasi-Hopf algebra. Under this condition 
it was proved in [8] that Hq is a braided Hopf algebra in %yD. Using the functor 
# described above we obtain that Hq has also a braided Hopf algebra structure in 
HyD H ', note that the left if-coaction of Hq in ^yD (viewed as a braided Hopf 
algebra) is different from the coaction defined in (|3.2p , so the braided Hopf algebra 

structure of Hq within uyD 11 "' is not induced by the algebra structure of Hq 



obtained in Proposition 13.21 Furthermore, if we want to associate to H a braided 
Hopf algebra in nyD H (and therefore in oimAi when H is finite dimensional), 
is sufficient to consider H^ p (or Hq° p ), the opposite (the coopposite, respectively) 
braided Hopf algebra associated to Hq . We leave the verification of the details to 
the reader. 

4. The representation-theoretic rank 

Let C be a braided category which is left rigid (the definition of a left rigid 
category can be found in [22j XIV. 2] or [27l IX. 3]). If V is an object of C and evy 
and coevy are the evaluation and coevaluation maps associated to V, then following 
[26j we define the representation-theoretic rank (or quantum dimension) of V as 
follows: 

dim (V) = evy ° cv,v* ° coevy . 
If H is a quasi-Hopf algebra then the category h -M id of finite dimensional mod- 
ules over H is left rigid. For V G hM, its left dual is V* = Hom(V, k), with left 
iJ-action (h • <p,v) — (ip, S(h) ■ v). The evaluation and coevaluation maps are given 
for all ip G V* and v G V by 

(4.1) ev v (ip <g> v) = tp(a ■ v), coevy(l) = • Vj v % , 

i 

where {vi}i is a basis in V with dual basis {v l }i in V*. 
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Therefore, if H is a quasi-triangular quasi-Hopf algebra and V a finite dimensional 
left _ff-module it makes sense to consider the representation-theoretic rank of V. If 
R = R 1 <E> R 2 is an i?-matrix for H then by [TU] we have that 

(4.2) dim(V) = v'iSiR^aR 1 ^ ■ vf) = Trfa), 

i 

where r\ := S(R 2 )aR 1 f3. (Here Tr(r]) is the trace of the linear endomorphism of V 
defined by v t— > r\ ■ v.) 

Let u be the element defined in ([2~2l?|) . By [1[7] we have that SiR^aR 1 = S(a)u, 
so by (|2.30p we obtain 

(4.3) T) = S(S(p)a)u = uSf- 1 (a))8. 

In the rest of this section H will be a finite dimensional quasi-Hopf algebra, and 
i e i}i=Tn a basis in H with dual basis {e l } i= Y^ m H*- Cur goal is to compute 
dim (g) and dim(_D(_ff)) within the braided rigid category D(H)M id . To this end 
we shall compute for D(H) the corresponding elements u and n, denoted in what 
follows by ud and r]D, respectively. 

Proposition 4.1. Let H be a finite dimensional quasi-Hopf algebra, and ud and 
rjD the corresponding elements u and rj for D(H), the quantum double of H. Then 

n n 

(4.4) u D = Y,P^~S~ 1 (e i )txse i and r) D = (3 ^S' 1 (e l ) CX e l S' 1 (a)(3. 

i=l i=l 
Proof. Let us start by noting that (|2~T3)) . (|5T3|l and (|2~5)l imply 

(4.5) AV ® / 2 V S(/ 2 ) = g'sm ® s 2 ^ 1 ). 

Secondly, observe that the definition (|2.36[) of the antipode 5d of D(H) can be 
reformulated as follows: 

Srj((p cxi ft) 

™ (e ixi S(ft)) ((AV)^ 1 - - /^-H/aV) x (/iV) 2 C/ 2 ) 

where we denoted by G 1 <S> G 2 another copy of f~ l . Now, we claim that 

n 

(4.6) So^aoU 1 = ^ P ~* S'\e l ) «- a m e 4 , 

i=l 

where R D = U 1 ® K 2 is the i?-matrix of £>(#) defined in ([OS]) . Indeed, we can 
easily check that 

(4.7) S _1 (ft <?) = S~ V) ^ S(h) and ft) = S(h) -» IT 1 fa), 
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for all ip 6 H* and h € H. Now, we calculate: 
S D (n 2 )a D -R} 

n 

G3EIZ33 £ S^e'M^fE M a)(e M S~ V)<HPi) 



i=l 



t=i 

X (^(P2)iff X ) 2 G 2 5(g 1 g?)a5- 1 (p 2 )e i pi 

71 



i=l 



X .giG 2 ^ (V(g%, 2) )i) aS-V)^ 

i=l 

M 5^G 2 5 , (g'Vi^)«ei 

n 

i=l 
n 

i=i 

2=1 

n n 

) 2 - 1 t | 2 - 5 t ^e i MS- 1 (ae i /3)=X;^S" 1 (e i )^ a Me i . 

t=l »=1 

We are now able to calculate the element ud- Since H can be viewed as a quasi- 
Hopf subalgebra of D(H) via the morphism io it follows that the corresponding 
element pn for D{H) is (pr) d — Pd®Pd ^ e txi p 1 <E) e tx p 2 . Therefore: 



ud 



J4.6l2.32l 



n 
i=l 

^ e , M% 2 ) (1 , 2) 5- 1 (a5- 1 (% 2 ) 2 h5(p 2 )(u)/J)p 1 

i=l 
i=l 

n n 



I2~5t 
J2.l5l2.6h 



»=i 



as claimed. It is clear now that the above equality and (|4.3p imply the expression 
of rye in (|4.4p . so our proof is complete. □ 
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4.1. The representation-theoretic rank of H. We start to compute the repre- 
sentation-theoretic rank (or quantum dimension) of H within the braided rigid 
category d(h) M- iA - Let us start by noting that the action — > obtained in (|3. 13|) can 
be rewritten as follows: 

(ip tx h) —* h 

{ ^ S-\Y*)fY?ylS-\?yl{h > h'W)y l ) 

Y'q 2 y 2 (h>h') 2 g 2 S(q'Y 2 yl) 

Y 1 f(y 2 (h>h')S(Y 2 y s )) 2 U 2 

q 2 (Yiy 2 (h>h')S(Y 2 y 3 )) 2 U 2 . 
Hence we have showed that for all ip S H* and h,h' € H we have 
(cp ixi /j.) > h! = (<p, S- 1 (fiYiy 2 ^ > /OSCY))^ 1 ^ 3 ) F^ 1 > 

(4.8) ?(Ytf(h>ti)S(y 2 y 3 )hu*. 

So this action defines on if a left D(ii)-module structure, and on Ho a left D(H)- 
module algebra structure. 

In order to " simplify" the computation for dim fif ) we need the following formu- 
las. 

Lemma 4.2. Let H be a finite dimensional quasi-Hopf algebra and \e{\i a basis 
in H with dual basis {e 1 }. Then for all h, h' . h" G H the following relations hold: 

n 

^(e\5- 1 (/3)5- 2 (Q 1 ( e 0i/i , )^ 2 Q2(e l )(2,2)^5- 1 (g 1 g 2 (e l ) (2 a))) 

n 

(4.9) = ]T(e\ ^- 1 (/3)5- 2 (Q 1 (e l )i^)9 2 Q 2 (e l )(2.2)^"^ 1 (9 1 Q 2 (e 4 )(2a))^), 

i=l 

n 

Y / (e\S- 1 (P)S~ 2 (Q\e l ) 1 X 1 plh')h 1 q 2 Q 2 2 (e l ) (2a) X 3 p 2 S(h 2 )h' / 
i=l 

n 

x^ 1 (g 1 Q 2 (e 4 )( 2 ,i)^ 2 P2)) = £ < e^- 1 G8)£- 2 (Q 1 (e i )i* 1 Pi*i'»') 

i=l 

(4.10) xq 2 Q 2 ( e . i )( 2 ,2)^V^"^" 1 (9 1 Q 2 (e l )(2,i)^ 2 P2^)), 
where we denoted qL = q 1 ® q 2 — Q 1 ® Q 2 and pr = p 1 ® p 2 . 

Proof. In order to prove (|4.9p we shall apply (|2.18p twice, and then the properties 
of dual bases and (|2.5p . Explicitly, 

n 

£(e\5-H/3)^ 2 (Q 1 (e l )i^)^ 2 Q2(e l )(2,2)^ 1 (g 1 Q 2 (e l ) (2 , 1) )) 

n 

= J>\ 5- 1 (/3)^- 2 (Q 1 (e0i^)9 2 (^Q 2 )2(e l )(2,2)^" 
t=i 

x5- 1 (g 1 (/i 2 Q 2 ) 1 (e i )( 2 , 1 ))/ii) 
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71 

= E^^ _1 (/ 3 ) 5_2 ^( /l (2,l))Q 1 (^(2,2)e l )l^)9 2 02(^(2,2)e l )(2.2)ft" 
1=1 

xS- 1 {q 1 Ql(h (2 ,2)^){2,i))hi) 

n 

= h2,2)S~\h {2A) f3)S-^Q\e l ) 1 ti)eQt(e t ) %2) h" 

i=l 

xS- 1 (g 1 Qf(e < )(2, 1) )/ii> 

n 

= ^(e\5-H/3)5- 2 (Q 1 (eOi/ i 09 2 Q2(e J )(2,2)^- 1 (g 1 g?(e 4 ) ( 2,i))^). 

8=1 

In a similar manner we can prove (|4.10[) . It follows applying (|4.9p , dual basis, (]2.ip 
and (|2.17p . we leave the details to the reader. □ 

Now, equation (|2.9[) shows by using (|2.3p and (|2.5p that 

(4.11) 7 = 7 1 ® 7 2 = S(x 1 X 2 )ax 2 X 3 ® ^(X 1 )^ 3 ^!, 

(4.12) 5 = S 1 ® S 2 = x 1 (3S(x 3 2 X 3 ) ® x 2 X 1 /3S(x 3 1 X 2 ). 

We finally need the following formula 

(4.13) pr = A(S(p 1 ))U(p 2 ® 1), 

which can be found in [3T] . We are now able to compute dim (g) . 

Proposition 4.3. Let H be a finite dimensional quasi-Hopf algebra. Then the 
representation-theoretic rank of H is 

(4.14) dim(ff) = Tr (h i — > S- 2 (S((3)ah(3S(a))) . 



Proof. We know from Proposition [47T] that in the quantum double case the element 
r]D is given by 



We set p R =p 1 ®p 2 = P 1 ®P 2 , q L = q x ®q 2 = Q 1 ®^ 2 and / = J 1 ®/ 2 = F 1 ®F 2 . 
Then by (|4.2|) and the above expression of we have: 

dim(ff) 

n 
n 

53 (e*,^ 1 (q 1 (Y 2 1 y 2 (S- 1 (ae l f3)f3>e J )S(Y 2 y 3 )) 1 U 1 Y 3 ) Y^y 1 ) 
<e*', g 2 (F 2 1 y 2 (5- 1 (ae l /3)/3 > e,)S(y V)) 2 [/ 2 ) 

n 

£ (e k ,Yjy 2 (S- l (aei0)/3 > e^SQ-V)) 

i,j',fe=l 

(F^ 1 - e\^- 1 (g 1 (e fc )i^ 1 ^ 3 ))(e J ,g 2 (e fc ) 2 (7 2 ) 
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n 

E *aV (S-Ve^V > q 2 {e k ) 2 U 2 ) S(Y 2 y 3 )) 

i,k=l 
n 

®Mmm J2 (e k ,Y 2 VS-HfY^ 2) yl5 2 ) (S-\ae t )P>qHe k ) 2 Ui) 

i,k=l 

x/ 1 ^( 1 1 , 1 )2/^ 1 ^(yV)}(e J ^- 1 (9 1 (e fc )it/ 1 y 3 )} 

n 

i,k=l 

x/ 1 y ( 1 l!l //35(y 2 ))(e\5- 1 (g 1 (e fc )iC/ 1 y 3 )} 

n 

™™ Y, (S(P 1 )^e k ,S-Hfp 2 )(S-Hae i )(3>f(e k ) 2 U 2 )fV) 



i,k=l 

{e\S-\q\e k )xU l p 2 )) 

n 

Yie^S-^fp^iS-'iae^oeiekhSiP'hU 2 )/ 1 - 1 

A I 1 



P 1 ) 

i,k=l 

5- 1 (g 1 (e fc )iS'(p 1 ) 1 C/V)) 



n 

™ Y( ek ^' 1 (f 2 P 2 HS-HaS-Hq 1 (e k )iP 1 ))/3>q 2 (e k )2P 2 )fV) 

n 

amm ^ k - ^^~\f 2 s-\F^\{e k ) (1 ^pW) X 2 p) 
fe=i 

x (S- l (a)(3»(?(e k ) 2 p 2 ) /^-^l^a^kV) 

X)(e fc ,S- 1 (/ a S- 1 (F 1 ^ ! rf 1)1) (e fc )( 1 , 1 )Piff 1 )a' 2 ^) 
fe=i 

x (S- 1 (a)p>e4(e k )2P 2 ) / 1 ^- 1 (^ 2 g 2 1 4, 2) (e fe )(i,2)P29 2 )^ 1 ) 

fc=i 

x/3 1 ,7 2 g 2 X 3 ( efc ) 2 p 2 5(/3 2 )7 1 5- 1 (9 1 Q 2 ^ 2 (e fc )(i, 2 )^.9 2 )) 

n 

fe=i 

xg 2 g^(e fc ) (2 , 2) XV^(/3 2 )7 1 5- 1 (g 1 Q 2 (e fc ) (2il) X 2 pi ff 2 )/3 1 ) 

n 

™n Y^^-Hi's-HQHekhxV^P) 
fe=i 

xg 2 g^(e fc )( 2 , 2) XV7 1 ^ 1 (9 1 Q 2 (e fc )(24)^ 2 P2'5 2 )) 

n 

fe=i 

2 Q 2 (e fc )( 2 ,2)^V^ 1 (9 1 Q 2 (efc)(2,i)^ 2 P2^2 1 



xg 2 ^ 2 ' 
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xx 2 (3S(S(y 1 Z 2 )ay 2 ZlY 2 x 3 )} 

n 

fe=i 

xg 2 g^(e fc ) (2 ^ 2) XV^ 1 (9 1 Q?(efc)(2,i)^ 2 P2 

iMSEU ^( e ^,5- 1 ( ( 3)«9- 2 (Q 1 (e fe )i^ 1 f^ 1 M«))^ 1 g 2 Qi(e fe ) (2 ,2 ) xV 

fe=l 

x5- 1 (9 1 Q 2 (e fc ) (2 ,i)X 2 pix 2 /35(5(y 2 )ar 3 x 3 ))) 

n 

fc=i 



x(e fe ) (2 .2)^V^(9 2 )^- 1 (9 1 Q 2 (efe)(2,i)^ 2 P2^)) 

n 

^(e fc ,^- 1 (/3)5- 2 (Q 1 (e fe )iX 1 (q 1 V) 1 P 1 ^(a))9 2 ^ 
fe=i 

x(e fc )(2,2)^ 3 « 2 V^('Z 2 )^ 1 (g 1 Qi(efc)(2,i)^ 2 (9iV)2P 2 )) 

n 

fc=i 

xg^(e fc )(2,2)^ 1 (g 1 Qi(e fc ) (2 ,i)/3)) 

n 
fc=l 

EUllSJ ^]( e fc , 5- 2 (5(/3)ae fc /35(a))) = Tr (ft ^ S- 2 (S(/3)aft/?S(a))) , 
fe=i 

so the proof is finished. □ 

In Section [5] we will see that the representation-theoretic rank of H can be 
expressed in terms of integrals in H and H*. This result is strictly connected to 
the trace formula for quasi-Hopf algebras. 

4.2. The representation-theoretic rank of D(H). Let H be a finite dimen- 
sional quasi-triangular quasi-Hopf algebra. Then H is an object in its own category 
of finite dimensional representations via the left regular action, so it makes sense 
to consider dim(iJ). 

The purpose of this subsection is to compute dnn(_D(iJ)). As we will see the 
computation is harder than the one for dim (iJ) but the result will be the same. 
Again, we need some preliminary work. 

Recall that t S H is called a left (respectively right) integral in H if ht = e(h)t 
(respectively th = e(h)t), for all h 6 H. We denote by j l and J r the space 
of left and right integrals in H . When H is finite dimensional we have that 
dim(X) = dim(/ r ) = 1, S(J t ) = J r and S(J r ) = J t (see [3TJ |B]). In addition, if 
we define 

n 

%(h) = ^(e l ,^ 2 (g 2 (e l ) 2 )/i)9 1 (e,)i, Vfceff, 
»=i 
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then by [28] we have that 9[$(h) € for all h e H, and ty(t) = t for any t e j\. 
Therefore, *P defines a projection from H to f,. Replacing the quasi-Hopf algebra 
H by H cop we obtain a second projection onto the space of left integrals, denoted 
in what follows by Since in H cop we have (<?_r) C op — q 2 ® q 1 we obtain 

n „ 

(4.15) <P(/i) = V(e ,; ,^- 1 (/3)5- 2 (g 1 (e,)i)^9 2 (e 4 ) 2 G /, V h e H. 

We finally need the following formulas. 
Lemma 4.4. In a quasi-Hopf algebra H the following relations hold: 

nj^s^n 4 ) ® n^.ij^fl^cn 8 ) ® ^(2,2)^2.9 2 5'( fi2 ) <g> n 5 

(4.16) = X 1 p\P 1 S{f 1 p 1 ) ® X 2 p^P 2 ® I 3 / <8> S^ifp 2 ), 

(4.17) 7 1 X 1 ® /^i 2 ^ 2 <g> / 2 7 |^ 3 = ^(^ 3 )/ 1 7i ® 5'(^ 2 )/ 2 7 2 1 ® S(X 1 ) 7 2 , 

(4.18) q 1 ^ ® S-itftfxl ®x 3 =X 1 ® S-iffiX^X 2 g> <f Xf . 

#ere fi = ft 1 <g> ■ • ■ ® fi 5 , 6 = S 1 ® J 2 , 7 = 7 1 ® 7 2 , / = J 1 ® / 2 ; f- 1 = g 1 ® 5 2 ; 
9ij = q 1 <& q 2 , pr — p 1 8> p 2 = P 1 <8> P 2 and qh = q 1 ® q 2 are the elements defined 
m (MM) , (KM>, {MJM > EUP, WdB an d (MJW> respectively. 

Proof. Observe that the element 5 in (12. 9p can be rewritten as 

S = Y^p 1 pS{Y i ) ® Y 2 1 p 2 S{Y 2 ). 

Now, using the above description for 5 and the definition of Q we compute: 



® X ti^ 2 /(2,2)Pl9 2 S{Xl la) y 2 ) ® S-\f 2 X 3 ) 

™3 r i pipstfx*) ® r 2 (Ma.up 1 ), p 2 s(x 2 x ) 

®y 3 (x 1 1 ) (1i2)P 2 S((x 1 1 ) 2 ) ® s-^fx 3 ) 

| 2.17j2.1G | r ipipi 5(/ y ) g, F 2 p i p2 3 y3p 2 s-^fp*), 
so the equality in (|4.16p is proved. The relation in (|4.17[) follows more easily since 
7 1 X 1 ®/ 1 7 1 2 X 2 ®/ 2 7 2 X 3 

™ F'a.X 1 ® f l Ffa (2il) X 2 ® / 2 F 2 2 « (2 , 2) X 3 
< 2.1 | 2.13 t S (x 3 )f l Fta (1>1) ® S(X 2 )/ 2 *a «(i,2) ® S^X 1 )^ 
™ S^'J/SJ ® 5(X 2 )/ 2 72 1 ® S(X 1 ) 7 2 , 

where we denoted by F 1 ® F 2 another copy of /. Finally, (|4.18p is an immediate 
consequence of (|2.3I) and (|2.5p . □ 

We can now compute the representation-theoretic rank of D{H). The next result 
generalizes [26j Proposition 2.1]. 

Proposition 4.5. Let H be a finite dimensional quasi-Hopf algebra and D(H) its 
quantum double. Then 

dim(D(£fj) = dim(ff) = Tr (h ^ S- 2 (S((3)ah{3S(a))) . 
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Proof. We set p R = p 1 ®p 2 = P 1 ® P 2 , qR — q 1 ®q 2 — Q 1 ® Q 2 and / = f 1 <g) f 2 = 
F 1 ® F 2 = T 1 (g) T 2 . In what follows, we shall not perform all the computations 
but we shall point out the relations which are used in every step. 
The expression of t?d in Proposition 14. II allows us to compute: 



dim(D(H)) = E (e 4 X e J ,-q D {e l ej)) 



j2.8l2.12t 



an 



E (cweM^S i (e' c )--5(/3)aMe fe )(e I Me,)) 

i,j,k=l 
n 

E (^ 1 (e fe ),5(/3)afi 5 ( ei ) 1 fi 1 /?) 
j,i,fc=i 

{e\S~\{e k ) 2 )n A {e l ) 2 n 2 (e k )^ 1) ){e\^{e k ) (l ^ ) e ] ) 

n 

E (e^S" 1 (5( / 3 1 )7 2 «2(ei)(i,2 ) n^ 2 ) 2 e j ) 

(e\^ 2 (5(/3 2 ) 7 1 ^ 1 (e t )(i,i ) r! 1 <5 1 )^ 4 ( e ,) 2 r! 2 
x5- 1 (5(/3 1 ) 7 2 ^( e . i ) (12) fii ( 52) i) 

E <e\S" 2 (^(/3 2 ) 7 1 ^ 1 (^ 2 p 2 ) 1 (( e . i )i)irViP 1 ^(^ 1 P 1 )) (ei) a 

x5- 1 (/ 2 5(/3 1 ) 27 2 5- 1 (FV) ( ^ ) (( ei )l)(2,2 ) yV)} 

(e^5- 1 (/ 1 5(/3 1 ) l7l 2 5- 1 (F 2 p 2 ) (2 , 1) ((e,)i) (2 ,i)^ J P 2 ) e,) 

n 

5] (S( / 9 2 ) 7 1 y 1 (5- 1 (FV)iP 1 )i(ei)iP 1 S(F 1 p 1 )) 

x5- 1 (/ 2 5(/3i) 27 ly 3 5- 1 (FV)2P 2 )) 

(e^S- 1 (/ 1 5(/3 1 ) l7l 2 r 2 (5- 1 (F 2 P 2 ) 1 p 1 ) 2 (e J ) 2 P 2 ) e,) 

n 

< 2.8 | 2.15 | 2.13 t £ ^ g-2 ^ S ((3 2 ) 1 1 Y 1 S- 1 (F 2 x 3 p 2 g 2 ) 1 (e l ) 1 P 1 S(T 1 F^x 1 p 1 )) 

KS-^fSihW^S-H^F^plg^)) 
(e\S^ (f 1 S{(3 1 ) ll 2 Y 2 S-\F 2 X ^p 2 g 2 ) 2 (e l ) 2 P 2 ) e s ) 

n 

p - 14 | 2 l 5 | 2 - ltj t E (e\S- 2 (S(p 2 ) 1 ^S-\ef 2 g^hP 1 S{p^p 2 1 g' 



J2.ll2.l7i 



x5(/ 2 5(/3 1 ) 272 2 r 3 )))<e-'",5- 1 (/ 1 5(/3 1 ) l7 2 y 2 



J2.21l2.8i 



JS3 



x^- 1 (9W)2(e. t )2 J P 2 )e,) 

n 

E < el ^~ 2 (5(/32ff 2 ) 7 1 r 1 (e 4 )iP 1 5 1 5(/ 2 72 2 r 3 ))/3 (1 , 1) ) 
».i=i 

(e^^ 1 (/ 1 7l 2 y 2 ( ei ) 2 P 2 )/3(i, 2) e,} 

n 

E < ei > S ~ 2 (5(F 3 /3 2 ff 2 )/ 1 7 i 1 (e,)i(/3i)(i4)^ 1 9 1 ^(^(^ 1 )7 2 ))) 



J2.9l4.12t 
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(e^(/3 1 ) 2 5- 1 (^(r 2 )/ 2 72 1 (e 4 ) 2 (/3i)(i, 2) P 2 )e J ) 

n 

E {e\l X S- 2 (5(F 3 5 2 )/ 1 (e i )iP 1 5 1 5(S'(F 1 )7 2 ))) 

i,3=l 

(e^5- 1 (S(y 2 )/ 2 (e i ) 2 P 2 )e i ) 



^ (5 2 (e I )^(X 1 xlr 1 )ax 3 y 2 3 Z 3 5- 1 (/ 1 P 1 2 / 1 /3)(e l ) 2 r 3 y 2 ^ 1 /3 
x5(5(X 2 )aXVy 3 Z 2 )5 2 (^))(e-'',5- 1 (/ 2 P 2 )(e 4 )iF 2 e J } 

n 



xy 2 Z'pS{S{ q 2 )x 2 y 3 1 Z 2 ))(e^S-\f 2 P 2 )(e i ) 1 xl 2A) Y 2 e j ) 



I2.ll4.7l2.8t 



J2.17I2.3I2.51 



E (5 V). 5( g 1 r 1 )ax 3 y 3 Z 3 ^ 1 (/ 1 (^l)(i4)P 1 y 1 /3)(e i )2y 3 ^ 

xy 2 Z 1 pS(S(q 2 )x 2 y 3 1 Z 2 )) 
(e^(x}) 2 5- 1 (/ 2 (xi) (1 , 2) P 2 )( e4 )ir 2 e J ) 

n 

E (3~V). 5(g 1 r 1 )^- 1 (/ 1 PV/3)(e J ) 2 rV^ 2 (9 2 )} 
(e^ 1 S'- 1 (/ 2 P 2 )(e i )iy 2 e i ) 



n 

14 ™ E ^V), ■5(g 1 Ql^ lll) )a5- 1 (/ 1 i , V)9)(ei) 2 S , - 1 ( a r a ff 1 ) 



x0 2 x 2 p 2 )(e^5- 1 (/ 2 P 2 )(e l )i^- 1 (^ 3 5 2 )'? 2 Q 2 ^(i, 2 )e J } 



E < 5 1 (e J ),^(g 1 Q^(i,i))^- 1 (x 2 (e l )iPV/3)Q 2 xy 
(e^,S'- 1 ^ 3 (ei)2P 2 )g 2 Ql4, 2) e J -) 



E3 

J2.17l2.20t 
i4.18l4.7t 
i2.15l4.15t 



E (5 1 (e < ),aS'- 1 (a: 2 (e i ) 1 Q 1 (Q 1 ^)(i,i)PV/3) QW) 
(e^g 2 (Q 1 ^) 2 5- 1 ( a ; 3 (e l ) 2 g 2 1 (Q^l)(i, 2 )P 2 ) e,) 

n 

Y,{S~\e%aS-\x 2 (e i ) 1 Q 1 x\p 1 !3)Q 2 x\p 2 ){e j ,S-\x\e i ) 2 )e j ) 



'■j=i 



^(S \e%aS- 1 ^(e i )iXV0)XVS{X i ))(^,S- 1 ^(e i ) i )e j ) 

n 

E^'.S-- 1 (*(5- 2 ( ( S5(«)))) ej -) 

3=1 

e(?5(5- 2 (/35( a )))) 

n 

E(e\ S"" 2 (S(/3)aei/35(a))) = Tr (ft S- 2 (S(/3)a/i/3S(a))) , 
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where in the last but one equality we used the fact that S [%$(S ((3S{a)))j is 
a right integral in H . So the proof is complete. □ 

We will end this Section by computing the representation-theoretic rank of 
D u (H) , the quasi-triangular quasi-Hopf algebra constructed in [TT] . 

Let H be a finite dimensional cocommutative Hopf algebra and uj : H®H®H — > k 
a normalized 3-cocycle on H, this means a convolution invertible map satisfying 
the conditions: 

uj(a 1 ,b 1 ,c 1 d 1 )u(a 2 b 2 , c 2 , d 2 ) = ujih, c 1: d 1 )uj(a 1 ,b 2 c 2 , d 2 )uj(a 2 , b 3 , c 3 ), 
w(l, a, b) — uj{a, 1, 6) = w(a, 6, 1) = e(a)e(6), 

for all a, b,c,d e i?. Identifying (H ® H ® H)* with H* ® H* ® H* we can regard 
w and its convolution inverse u _1 as elements of if* ® if* <S> if*. Then the commu- 
tative Hopf algebra if* has a non-trivial quasi-Hopf algebra structure by keeping 
the usual multiplication, unit, comultiplication, counit and antipode of if* , and 
defining the reassociator $ = uj^ 1 and the elements a = e, /3(/i) = S(h 2 ), ft.3), 

h E H. We shall denote by ff* the quasi-Hopf algebra structure on H* defined 
above. 

Now, roughly speaking, the quasi-Hopf algebra D^{H) can be identified as a 
quasi-triangular quasi-Hopf algbebra with D(H*), the quantum double associated 
to the finite dimensional quasi-Hopf algebra H*. Note that this point of view was 
given in [29], the initial construction of D U (H) being presented earlier in [11] as 
a generalization of the Dijkgraaf-Pasquier- Roche quasi-Hopf algebra D U (G) con- 
structed in [15j (here G is a finite group and a; is a normalized 3-cocycle on G). 

Having this description for D U (H) and the result in Proposition ^. 51 we can easily 
compute its representation-theoretic rank. Note that, one of the goals in [10] was 
to compute this rank but at that moment only a partial answer was given. 

Proposition 4.6. Let H be a finite dimensional cocommutative Hopf algebra and 
lu a normalized 3-cocycle on H. Then dim (Z?^(iJ)) = dim(_ff). 

Proof. By Proposition 14. 51 we have that 

dimfD" fg)l = Tr (^ip 1 — > S~ 2 (5(p)atp03(a)j) ■ 
2 

Since H* is commutative we have that S = idn* ■ Moreover, a = e and from [TT] 
we know that j3 is convolution invertible with /3 _1 = S(f3). Therefore, the above 
formula comes out explicitly as 

dim( D^(H)) = Tr(^ h-s- tp) = Tv(id H *) = dim(iT) = dim(ff), 

and this ends the proof. □ 

5. The trace formula for quasi-Hopf algebras 

When H is an ordinary Hopf algebra the formula in Proposition 14.51 reduces 
to dim(if) = dim(D(H)) = Tr(S'- 2 ) = Tr(5 2 ). As we has already explained in 
Introduction, using the Radford and Larson results [23] [24] on one hand, and the 
Etingof and Gelaki result [18] on the other hand, we obtain that 



dim(ff) = dim(£>(ff)) = 



, if H is neither semisimple or cosemisimplc 

dim(_ff) , if H is both semisimple and cosemisimplc. 
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In this Section we will generalize to the quasi-Hopf algebra setting the first 
result. Even if a quasi-Hopf algebra is not a coassociative coalgebra, as we have 
seen in Introduction we can define the cosemisimple notion. Let us explain this 
more precisely. 

Let 77 be a finite dimensional quasi-Hopf algebra and t a non-zero right integral 
in 77. Since is a two-sided ideal of 77, it follows from the uniqueness of the 
integrals in 77 that there exists /i G 77* such that 



th = n(h)t, V t G J and ft G 77. 



Note that fx is an algebra map; as in the Hopf case we will call fx the distinguished 
group- like element of 77*. We notice that fj, = e if and only if 77 is unimodular, this 
means if and only if J t = J . 

Now, following |21| . a left cointegral in 77 is an element A G H* such that 

A(F 2 /i2^ 2 )F 1 /iif7 1 = i u(a; 1 )A(/iS*(a; 2 ))a; 3 , V ft G ff, 

where 17 = C/ 1 (g> ?7 2 is the element defined in (|2 . 39[) and 

V = V 1 <8> y 2 := S-^/V) ® S'-^/V). 

We will say that a left cointegral A is normalized if A(S _1 (a)/?) = 1 and we will 
call a finite dimensional quasi-Hopf algebra 77 cosemisimple if 77 has a normalized 
left cointegral. 

By C we denote the space of left cointegral in 77. Then the map 

(5.1) v:C®H^H\ v{\® h)(h') = X(h'S(h)) V A £ £ and h, h' G 77, 

is an isomorphism of right quasi-Hopf bimodules (the definition of a right quasi- 
Hopf ii-bimodule can be found in [21] ; roughly speaking it is a right -ff-comodule 
within the monoidal category of 77-bimodules). Here C <8> H and H* are right 
quasi-Hopf -ff-bimodules via the structures 

ft' • (A ® ft) • ft" = //(fti)A ® h' 2 hh" 
A ® ft h-> /i(a; 1 )A ® x 2 /ii <g) a; 3 ft 2 , 



(5.2) £®i7 



(5.3) 77* 



(ft' -r if x- ft", ft) = (vj, S-^h^hSih")) 

n 

(pt-> J2 e * * V ® ei, 



i=l 

for all A G 7J, ft, ft', ft" G 77 and 93 G 77*, where we denoted by * the non-associative 
multiplication on 77* defined for all (f, ip G 77* and ft G 77 by 

(^*V,ft) := (^,V 1 ft 1 f/ 1 )(V',^ 2 ft 2 r7 2 ). 

It follows from the above that dim(£) = 1, and that for a fixed non-zero left 
cointegral A in 77 the isomorphism v defined in (|5.ip induces a right 77-lincar 
isomorphism 

v : 77 -► 77*, u(h)(h') = \{h'S{h))) V ft, ft' G 77. 

(Here 77 and 77* are right 77-modules via the right regular representation and 
(ip 1— ft)(ft') = ip(h'S(h)), respectively.) In particular, there is an unique r G 77 
such that v{r) = e, this means X(hS(r)) = e(ft), for all ft G 77. As in the Hopf 
case we can show that r is a non-zero integral with the property that A(5(r)) = 1. 
Indeed, the fact that v is right 77-linear implies: 

v{rh) = v{r) t— h = e ^— ft = e(ft)e = v{e(h)r), 
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for all ft G if . Since v is bijective we conclude that rh = e(h)r, for all ft G if, i.e. 
r G J . Now, v(r) = e implies X(hS(r)) = e(h) for all ft G if , and this is equivalent 
to A(S(r)) = 1. 

As we will see the pair (A, r) described above plays an important role in the trace 
formula for quasi-Hopf algebras. In particular, we will obtain an important result 
characterizing semisimple cosemisimple quasi-Hopf algebras in terms of the trace 
of the "square" of the antipode. Recall that a semisimple quasi-Hopf algebra is a 
quasi-Hopf algebra which is semisimple as an algebra. 

Theorem 5.1. Let H be a finite dimensional quasi-Hopf algebra, p, the distin- 
guished group-like element of H* , X a non-zero left cointegral in H and r a right 
integral in if such that X(S(r)) = 1. Then: 

i) For any endomorphism x of H we have that 

Tr( X ) = ti{q\x l )X { X {q 2 x 3 r 2P 2 )S{ q lx 2 r lP 1 )) . 

ii) Tr (h t— > pS(a)S 2 (h)S(/3)aj = e(r)X(S^ 1 (a)/3). In particular, if is semi- 
simple and cosemisimple if and only i/Tr (ft i— » f3S(a)S 2 (h)S(f3)ot) ^ 0. 

Proof. For any linear morphism \ : H — > H we denote by x* '■ H* — > H* the dual 
morphism of x- We also denote by rj : H* eg) H — > End(i7*) the linear map defined 
for all (p, ip G H* and ft G H by 

?7(i/3 <g> ft)(-0) = ip(h)ip. 

Then, exactly as in [T31 Section 7.4], one can easily see that 

(5.4) n((p <S) h) o x* =v( ( P®x(h)), 

(5.5) Tr(77(^® ft)) = ip(h), 

for all if G if*, ft G H and x G End(if). 

i) The fact that v is right ff-colinear shows by using of (|5.2[ 15. 3p that 

<^(l/ 1 ftiC/ 1 )A(y 2 ft 2 C/ 2 S'(ft')) = (i(x 1 )<p(x 3 ti 2 )\(hS(x 2 ti 1 )), 

for all ip G ff* and ft, ft' G if. If we write the above equation for ft' = r and use the 
fact that S(r) G J, such that A(5'(r)) = 1, we obtain 

<p{S- l {P)ha) = M(^ 1 )^(a; 3 r 2 )A(ft5(a ; 2 r 1 )), 

for all tp G if* and ft G if. In particular, we have that 

(p 2 - p - f^^fflS-^hSlp^a) 

= ^{p 2 - ^ - g 2 , a . 3 r 2 )A(5- 1 (g 1 )^(p 1 )5(a ; 2 r 1 )), 

and this comes out explicitly as 

p(h) = f i( q 1 1 x 1 Mq 2 x 3 r 2 p 2 )X(hS(q 1 2 x 2 r 1 p 1 )), 

for all ip G if* and ft G if, where we used the formula 

(5.6) A(S" 1 (ft)ft') = / u(ft,i)A(ft'S , (ft 2 )), V ft, ft' G if, 

which can be found in 6, Lemma 3.3]. In other words we have obtained 

(5.7) ?7(A v- q\x 2 r x p x <g ^(^a; 1 )g 2 2: 3 r2p 2 ) = . 
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Now, using (|5.4| . ()5.5|) and the fact that Tr(x) = Tr(x*) we conclude that 

Tr(x) = Tr(x*) = Tr(id H * o x *) 

= Tr (r?(A r- q\x 2 r x p x ® ^{q\x l )q 2 x 3 r 2 p 2 ) a X*) 
= Tr (ri(X t- q\x 2 r x p x ® l x{q\x 1 ) X {q 2 x 3 r 2 p 2 )) 

ii) One can easily see that (|2 . 20(1 and r G f imply: 

r\ ® r 2 = rigjp 1 ® r 2 q\p 2 S{q 2 ) = r x p Y ® r 2 p 2 a. 
Also, by (f2~T7|l we have 

r^/i ® r 2 p 2 = (rZii)ip 1 ® {rh{) 2 p 2 S{h 2 ) = r x p x <g) r 2 p 2 S{h), 
for any h e iJ. Combining the two relations above we obtain 
(5.8) ri (g) r 2 = rip 1 ® r 2 p 2 a = rip 1 S^ 1 (a) ® r 2 p 2 . 

Now, by part i) we have 

Tr (h h-> (3S(a)S 2 (h)S(/3)a) 

/i( 9l V)A (pS(a)S 2 {q 2 x 3 r 2 p 2 )S{f3)aS{q 1 2 x 2 r 1 p 1 )) 

e ( r ) M (^pi)A ^(a)S(,'p 2 S( g 2 ))) 
e(r)A(/35(a)). 

Next, we claim that e(r)A(/3S'(a)) = e(r)A(S' _1 (a)j3). Indeed, if 7J is not semisimple 
then by [30] we have that e(r) = and therefore e(r)A(/3S'(a)) = e(r)A(S'- 1 (a)/3) = 
0. On the other hand, if H is semisimple then by the same result in |30j we have 
that e(/j) = e(/ r ) 7^ 0. In this situation, applying similar arguments as in the Hopf 
algebra case we can prove that H is unimodular, so fi — e. Finally, by (|5.6p we get 

\(S-\a)(3) = n(a 1 )X(f3S(a 2 )) = e( ai )X(pS(a 2 )) = X(f3S(a)), 

as claimed. Thus the proof is finished. □ 

As a consequence of Proposition 14.51 and Theorem 15.11 we obtain the following 
formula for the representation-theoretic ranks of H and D(H). 

Theorem 5.2. Let H be a finite dimensional quasi- Hopf algebra, X a left cointegral 
in H and r a right integral in H such that A(r) = 1. Then 

dim(iJ) = dim(D(H)) = e^X^- 1 (a)(3) = £d{P X X r). 

In particular, if H is not semisimple or cosemisimple then 

dim(if) = dim(D(if)) = 0. 

Proof. By A op we denote a left cointegral in H° p . It is straightforward to check 
that in H op we have /j, op = /i -1 := po5, and that the roles of U and V interchange. 
So A op is an element of H* satisfying 

X op {V 2 h 2 U 2 )V 1 hiU 1 = ^(X^XopiS^iX^X 3 , V heH. 
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Note that, if H is unimodular then fi = e and therefore a left cointegral in H op is 
nothing else than a left cointegral in H . 

Applying now Theorem 15.11 to the quasi-Hopf algebra H° p we obtain 

Tr (h h-> S- 2 (S{p)ah(3S(a)) = e(t)A O p(S _1 (c0/3)> 
where t is a left integral in H such that X op (S~ 1 (t)) = 1. If we denote r = S' _1 (i) we 
get that r is a right integral in H such that A op (r) = 1. It follows that e(t) — e(r), 
and that 

djm(ff) = dim(D(H)) = Tr (h ^ S- 2 (S(/3)ah{3S(a)) = e(r)A op (5- 1 (a)/3). 

Finally, we apply the same trick as in the proof of the above Theorem. Namely, 
if H is not semisimple then e(r) = and we are done. If H is semisimple then it 
is unimodular. In this case we have seen that A op is a cointegral in H and since 
A op (V) = 1 the above equality finishes the proof. □ 

Remark 5.3. It is conjectured in [5T] that (3 A X r is a left integral in D(H). 
If it is the case then by the Maschke's theorem proved in [30] we obtain that 
dim (g) = dim (D(H)) ^ if and only if D(H) is a semisimple quasi-Hopf algebra. 
Now, we conjecture that D(H) is semisimple if and only if H is both semisimple 
and cosemisimple, if and only if h t— > S~ 2 (S({3)ah{3S(a)) = idn- If it is true then 
the scalar dim(iJ) = dim(_D(iJ)) has the same value as in the Hopf algebra case. 
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